We introduce the basic equivariant quantity Q in the gauge theory on the noncommutative descrete Z 2 space, which plays an important role for the equivariant dimensional reduction. If the gauge configuration of the ground state on the extra dimensional space is described by the equivariant Q, then the extra dimensional space is invisible. Especially, using the equivariance principle, we show that the Yang-Mills theory on R 2 × Z 2 space is equivalent to the Yang-Mills-Higgs model on R 2 space. It can be said that this model is the simplest model of this type.
Introduction
Discovery of Higgs boson has brought about a lot of activities concerned with the origin of this particle. Although various models have been proposed, the convincing one does not seem to exist. Higgs boson was introduced as a particular particle that spontaneously violates the gauge symmetry. Thus, it is important to investigate the origin of this boson. One candidate could be to consider the extra dimensions to our real space that we are recognizing and to reduce the extra dimensions by considering the equivariance of symmetries involved [1] [2] [3] [4] [5] .
Equivariance implies that the symmetry of the real space is related to that of the internal space, so that the shifted point in the real space can be sent back to the original point by the symmetry transformation in the internal space. Thus the extra dimensional space, even when it is there, could have been unobserved if the symmetry of the extra space is equivariant to the gauge symmetry of the real space, that we are actually living in. The gauge fields in the extra dimensional space are observed as the Higgs fields in the real space. In other words, the Higgs fields can be considered as the gauge fields in the extra dimensional space.
Consider, for example, the case of R 2 × S 2 , where the real space is R 2 and the extra space is S 2 [1] [2] . Equivariance on S 2 implies that pure Yang-Mills (YM) theory is recognized as Yang-Mills-Higgs (YMH) model on R 2 . Thus, self dual (SD) equation on R 2 × S 2 is equivalent to Bogomol'nyi-Prasad-Sommerfield (BPS) equation on R 2 [6] . Invisibility of the extra dimensions is guaranteed by the fact that configuration of the ground state is equivariant. Such an equivariant gauge configuration can be constructed using the simplest equivariant quantity Q ≡ ix a σ a , wherex a is three dimensional coordinate describing S 2 and iσ a /2 is the gauge symmetry generator. This also describes the configuration of the so called "Witten ansatz" [7] .
Equivalence of pure YM theory and YMH model through the existence of extra dimensional space, has been discussed also in other models, with a little more generality, like in the coset space S/R [1] [2] model or the fuzzy version of it, (S/R) F [3] [4] [5] .
We have seen a similar extra dimensions for the case of noncommutative Z 2 , using the method of differential forms [8] (see also ref. [9] ) and introducing the coordinates of noncommutative Z 2 space [10] . However, the concepts of equivariance was not unambiguous in this approach.
In the present paper we would like to show that equivariance is important in this case also and we have explicitly defined Q in noncommutative Z 2 space, thus we can introduce "Witten ansatz" for the noncommutative Z 2 space, which leads to equivalence of SD equation on R 2 × Z 2 to BPS equation on R 2 . Dimensional reduction through the use of equivariance principle especially for the case of S 2 and SU(2) gauge symmetry, we have to have at least a larger symmetry group that includes SU(2) as a subgroup. On the other hand, in the model that we are proposing, the extra space is a discrete Z 2 , and the relevant symmetry for the equivariance is the discrete part of the gauge symmetry. Thus, there is no need to consider a larger gauge symmetry i.e. we could remain with the same gauge symmetry, and this could be the simplest possible model of this kind.
In the next sections, we recapitulate the arguments of the dimensional reduction for the YM theory on R 2 × S 2 based on the equivariance principle. And based on this argument, we consider the YM theory on R 2 × Z 2 . The last section is devoted to discussions.
Equivariance on R
2 × S 2
Model
As stated in the previous section, extra dimensional space orthogonal to the real space, can be left unobserved when the symmetry of the extra dimensional space were equivariant to the gauge symmetry of the real world. Instead, the gauge field on the extra dimensional space makes its appearance as the Higgs field in our world. For the invisible extra dimensional space, the gauge invariant ground state has to be an equivariant configuration. For example, let us consider SU(2N) gauge symmetric model on R 2 × S 2 . In this case, S 2 can become equivariant extra dimensional space, when the gauge configuration on S 2 is described in terms of equivariant basic quantity Q ≡ ix a σ a .
In order to confirm equivariance, we examine whether the following symmetry equations, which are due to Forgacs & Manton [11] ,
are satisfied or not. Here A i is a vector and B is a scalar, J i is a generator of internal space. For example, as Q is a scalar, we substitute B = Q and we obtain
thus Q satisfies the symmetry equation. In other words, when the ground state is described in terms of Q , the existence of S 2 could have been unobserved. Also, the gauge symmetry SU(2N) is reduced to the smaller symmetry.
As Q 2 = −1, the vectors that can be constructed from Q are ∂ a Q and Q∂ a Q. Thus, the most general gauge configuration can be written as 6) we can rewrite A a in terms of these as [12] 
where
This is the "Witten ansatz" [7] . In terms of stereographically projected coordinates
Q can be rewritten as
Using these, the Witten ansatz can be rewritten through the singular gauge transformation 11) which leads to nothing but the gauge configuration of Manton & Sakai [2] A MS y
A generator for rotation around the third axis is 14) and a generator for the gauge transformation around σ 3 axis is iΛ. Using these, the symmetry equation [11] reads
satisfies the above equation and thus are the equivariant configurations. Assuming that these configurations describe the ground state in S 2 it can be shown that the pure YM theory in R 2 × S 2 is equivalent with the YMH theory in R 2 , i.e. SD equation for this model is (2.16) and substituting the above configuration, each turns into the respective BPS equation
Here z,z are the coordinates on R 2 , and 19) and SU(2N) gauge symmetry reduces to S (U(N) L × U(N) R ). As a consequence, the BPS equation is reduced further to
In this section we consider the case where the extra dimensional space is noncommutative Z 2 .
As a gauge symmetry we consider SU(N). In order to make the Z 2 space invisible, we choose iτ 3 as an equivariant quantity Q. This matrix describes the Z 2 space and is itself the block matrix each block expressing the SU(N). The coordinates of noncommutative Z 2 space are described as [10] 
Coordinate transformation for Z 2 space is discrete, and can be realized by iτ 1 , i.e. If we transform Q(= iτ 3 ) by the iτ 1 , we obtain
which changes the sign. There exists the gauge transformation that changes the sign of each component, and sends back the point to the original point, thus the Q realizes the equivariance. As a consequence, both the Z 2 space and this discrete part of the gauge transformation become invisible, if the ground state is described by the Q. We define the differential operators by the graded commutators [13] 
(about the definition, see the Appendix), where [f ] is +1, when f is even, −1 when f is odd matrix. As Q 2 = −1, vectors that can be constructed from Q are ∂ w(w) Q and Q∂ w(w) Q. As Q is an even matrix the differential operator is a commutator, expressing in terms of τ i we have
5)
Thus, as the gauge configuration in Z 2 space, we have the odd matrix
Next we define the field strength in Z 2 space. The field strength is usually defined as
We extend this in Z 2 space as
From the definition of graded commutator and Jacobi identity 12) we have
(3.14)
Taking into account ∂w∂ w f + ∂ w ∂wf = 0, we have
As a result, F ww can be written as {D w , Dw}.
Next, we consider D w Dzf and DzD w f . Taking into account that Az is an even matrix, we calculate (3.17) and we can consider of [D w , Dz] as a field strength, i.e.
thus [D w , Dz] = F wz . As for F zz , it is the ordinary field strength on R 2 , thus Dz] . From these arguments, it is appropriate to define
Now we calculate the field strength for the gauge configurations
For example
and
Next, in order to consider the (anti-)self dual equation we define F XY . On R 2 × Z 2 , since definition of F XY is different from the usual one, in particular Fw w is defined as an anticommutator, we cannot write (3.23) as in the case of R 4 . Although Fw w was defined as
we can redefine this as a commutator using τ 3 , as follows
Consequently, if we multiply this equation by τ 3 we obtain the usual expression for field strength. Taking into account that A z , Az are dual to A w , Aw,F can be defined by taking dual and multiplying by τ 3 (for details, see the Appendix). Thus the (anti) self dual equations can be written as (3.27) Substituting these equations into the ansatz, each BPS equations are equivalent to (3.29) which are consistent with [10] .
Discussion
We have been discussing the YM theory on R 2 ×Z 2 . In [10] , by use of differential form, we have seen that the self dual equation for YM theory on R 2 × Z 2 is equivalent to the BPS equation for YMH model on R 2 . In the present paper, by explicitly introducing the coordinates on Z 2 space, we show the equivalence of YM theory on R 2 × Z 2 and YMH model on R 2 , based on the idea of equivariance. This argument is the same as in the case of showing the equivalence of YM theory on R 2 × S 2 and the YMH model on R 2 . Moreover, because the Z 2 space is discrete, the required equivariance is among the discrete part of gauge symmetry and it is unnecessary to consider the larger gauge symmetry. In other words, we could remain with the same gauge symmetry and this is probably the simplest model of this kind.
The equivariant gauge configuration is described by the basic equivariant quantity Q exactly as in the case of S 2 space. As we have succeeded in introducing Q in Z 2 space, we were able to construct gauge configuration for the ground state out of Q. In other words, we succeeded in introducing the Witten ansatz in the noncommutative Z 2 space.
As stated before, we have seen in [10] that YM theory on R 2 × Z 2 space is equivalent to YMH model on R 2 space. The argument was based on the differential forms, and we were able to construct the differential forms on Z 2 space using the matrices. On the other hand, in this paper, we have explicitly introduced the coordinates in Z 2 space, and consistently derived the same conclusion as in [10] . The connection of the theory based on differential forms and present theory based on the explicit coordinate is not clear, because we have not been able to construct differential forms for Z 2 space. We will discuss this point in the future publication.
Appendix
A Differential Operators on Z 2 Space Let x a be the coordinates in R 2 , and y α the coordinates of the curved space. The metric in the curved space can be expressed as g αβ = e a α (y)e a β (y), and
Poisson bracket is defined as
From these definitions, we find
If we consider the "correspondence principle" for the curved space, Poisson bracket can be replaced by commutator [14] [ On the other hand, these differential operators can be rewritten in terms of the graded commutators. Let A be any 2 × 2 matrix. A can be decomposed as 10) where A e is even matrix, and A o is odd one. Namely, We adopt this definition in this article.
